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Abstract
We study the degenerate parabolic equation ∂tu = a(δ(x))upu − g(u) in Ω × (0,∞), where Ω ⊂ RN (N  1) is a smooth
bounded domain, p  1, δ(x) = dist(x, ∂Ω) and a is a continuous nondecreasing function such that a(0) = 0. Under some suitable
assumptions on a and g we prove the existence and the uniqueness of a classical solution and we study its asymptotic behavior
as t → ∞.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction and the main results
We are concerned in this paper with the following parabolic problem⎧⎪⎨
⎪⎩
∂tu = a
(
δ(x)
)
upu − g(u) in Ω × (0,∞),
u = 0 in ∂Ω × (0,∞),
u(x,0) = u0(x) in Ω,
(1)
where Ω ⊂ RN (N  1) is a smooth bounded domain, δ(x) = dist(x, ∂Ω) and p  1. The initial data u0 verifies
u0 ∈ Cα(Ω) (0 < α < 1) and u0 > 0 in Ω . We also assume that g ∈ C1[0,∞) satisfies g > 0 in (0,∞) and
(g1) the mapping (0,∞)  s → g(s)
sp+1 is nondecreasing.
As a consequence, g is increasing and g(0) = 0. Moreover, there exists
 := lim
s↘0
g(s)
sp+1
∈ [0,∞). (2)
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and nondecreasing such that a(0) = 0 and a > 0 in (0,∞).
The case a ≡ 1 and g(u) = ±uq has been extensively investigated in Winkler [10–12]. If a ≡ 1, p = 2 and g(u) =
−u3, problem (1) arises in a model for the resistive diffusion of a force free magnetic field in a plasma confined
between two walls (we refer to Friedman and McLeod [4] and the references therein for further details). Also the
nonlocal problems and systems derived from (1) have been the subject of recent investigations in a number of research
papers (see, e.g., [1,2,6–9]). However, the case where a is not constant has been less investigated.
Our main result is the following.
Theorem 1. Assume that the potential a fulfills the condition
1∫
0
s
a(s)
ds < ∞. (3)
Then, problem (1) has a unique solution u which, in addition, satisfies
lim
t→∞
∥∥(1 + pt)1/pu(·, t) − W∥∥
L∞(Ω) = 0, (4)
where W ∈ C2(Ω) ∩ C(Ω) is the unique solution of⎧⎪⎨
⎪⎩
−a(δ(x))W + W = W 1−p in Ω,
W > 0 in Ω,
W = 0 on ∂Ω.
(5)
As pointed out in [3], condition (3) appears as a natural one in the context of stationary problems associated
with (1). More precisely, if  = 0 and p > 1 then problem (5) has a solution if and only if a satisfies (3). In our
setting we prove that condition (3) is also sufficient in order to ensure the existence of global solutions to the parabolic
problem (1). This requirement enables us to determine the asymptotic profile of the unique solution to (1) as t → ∞.
The next section contains some related results for the stationary problem (5). The proof of Theorem 1 is given in
Section 3.
2. Some related elliptic problems
In this section we collect some useful results concerning the elliptic problem (5). For this purpose we first recall
the following comparison result whose proof relies on the standard maximum principle.
Lemma 2. Let Φ : Ω × (0,∞) → R be a decreasing function with respect to its second variable and w1,w2 ∈
C2(Ω) ∩ C(Ω) such that
(i) w1 + Φ(x,w1) 0w2 + Φ(x,w2) in Ω ;
(ii) w1,w2 > 0 in Ω and w1 w2 on ∂Ω.
Then w1 w2 in Ω.
Proposition 3. Assume that a satisfies (3). Then, for all   0 problem (5) has a unique classical solution W ∈
C2(Ω) ∩ C(Ω).
Proof. Assume first that p > 1. If  = 0 then (5) is a particular case of problem (P )− studied in [3].
By the result in [3, Theorem 3.2] there exists v ∈ C2(Ω) ∩ C(Ω) such that⎧⎪⎨
⎪⎩
−a(δ(x))v = v1−p in Ω,
v > 0 in Ω,
v = 0 on ∂Ω.
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mapping Φ(s) = s1−p − s (s > 0), is decreasing, by Lemma 2 it follows that W W in Ω . Hence, by the sub- and
supersolution method we deduce that (5) has at least one classical solution W . The uniqueness follows by Lemma 2.
Let us now consider the case p = 1. From the above arguments, there exists w ∈ C2(Ω) ∩ C(Ω) such that
−a(δ(x))w + w = w−1 in Ω and w = 0 on ∂Ω . Then W = Mw is a supersolution of (5) provided M > 0 is
large enough, while W = cϕ1 is a subsolution and we proceed in the same manner as before. 
For η > 0 small enough we define Ωη = {x ∈ Ω: dist(x, ∂Ω) > η}.
According to Proposition 3, there exists Wη ∈ C2(Ωη) ∩ C(Ωη) a unique solution of⎧⎪⎨
⎪⎩
−a(δ(x))W + ( + η)W = W 1−p in Ωη,
W > 0 in Ωη,
W = 0 on ∂Ωη.
(6)
Moreover, we have
Proposition 4. Let W and Wη be the unique solutions of (5) and (6), respectively. Then ‖Wη − W‖L∞(Ωη) → 0 as
η → 0.
Proof. Extending Wη by zero on Ω \ Ωη, by Lemma 2 we obtain that (Wη)η is decreasing as η ↘ 0 and Wη W
in Ω .
By standard elliptic arguments the sequence (Wη)0<η<1 converges in C2loc(Ω) to a C
2(Ω)∩C(Ω) function which
is a solution of (5). Since (5) has a unique solution we find ‖Wη −W‖L∞(Ωη) → 0 as η → ∞. This ends the proof. 
3. Proof of Theorem 1
Basic to our subsequent analysis is the following comparison result for parabolic operators (see Winkler [10]).
Lemma 5. Let Ω ⊂RN (N  1) be a smooth bounded domain, T > 0, and
Lu := ∂tu − b(x, t, u)u + f (x, t, u),
where a,f : Ω × [0,∞) × [0,∞) →R are continuous functions such that b 0 in Ω × [0,∞) × [0,∞).
Assume that there exist u1, u2 ∈ C2,1(Ω × (0, T )) ∩ C(Ω × [0, T ]) such that:
(i) Lu1  Lu2 in Ω × (0, T );
(ii) u1  u2 on ΣT := (∂Ω × (0, T )) ∪ (Ω × {0});
(iii) at least for one i ∈ {1,2} the functions b and f are Lipschitz with respect to the u variable in the neighborhood
of K := ui(Ω × [0, T ]) and either
u1 < u2 on ΣT :=
(
∂Ω × (0, T ))∪ (Ω × {0}),
or ∣∣D2ui∣∣ ∈ L∞(Ω × [0, T ]).
Then u1  u2 in Ω × [0, T ].
We divide the proof of Theorem 1 into three steps.
Step 1. Existence. Let (un,0)n1 ⊂ C2(Ω) be a positive smooth sequence such that (un,0)n1 is decreasing and
‖un,0 − u0‖L∞(Ω) → 0 as n → ∞.
For 0 < ε < 1 consider the approximate problem{
∂tu = aε
(
δ(x)
)
fε(u)u − g(u) in Ω × (0, T ),
u = un,0 + ε on ΣT , (7)
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fε(s) =
{
εp if s  ε/2,
sp if s > ε.
(8)
By standard parabolic arguments (see [5]), for all 0 < ε < 1 there exists a local solution un,ε ∈ C2,1(Ω × [0, Tn,ε))
of problem (7) such that un,ε  ε. Hence, un,ε satisfies{
∂tun,ε = aε
(
δ(x)
)
u
p
n,εun,ε − g(un,ε) in Ω × (0, Tn,ε),
un,ε = un,0 + ε on ΣTn,ε .
(9)
We claim that Tn,ε = ∞. To this aim, we provide uniform bounds for un,ε . Let ζ be a positive superharmonic
function in Ω such that ζ  un,0 in Ω ; for instance we may consider ζ = M − |x|2 with M > 0 large enough. Then
un,ε := ζ + ε satisfies un,ε  un,0 + ε on ΣTn,ε and
∂tun,ε − aε
(
δ(x)
)
u
p
n,εun,ε + g(un,ε) 0 in Ω × (0, Tn,ε).
By Lemma 5 we have
un,ε  un,ε  ζ + 1 in Ω × (0, Tn,ε). (10)
Let now η > 0 and Ωη as in the previous section. We denote by λ1,η , ϕ1,η the first eigenvalue and the first eigen-
function of (−) in Ωη. By (10) we also may define
β := sup
0<ε<1
max
Ω×(0,Tn,ε)
[
fε(uε)
(
a(δ) + 1)λ1,η + g(uε)
uε
]
< ∞.
Let now un,ε = Ce−βtϕ1,η , where C = C(n,η) > 0 is small enough such that Cϕ1,η < un,0 in Ωδ . Then un,ε
satisfies un,ε  un,0 + ε on (∂Ωη × (0, Tn,ε)) ∪ (Ωη × {0}) and
∂tun,ε − aε
(
δ(x)
)
u
p
n,εun,ε + g(un,ε)
un,ε
un,ε = un,ε
[
−β + fε(un,ε)
(
a(δ) + 1)λ1,η + g(un,ε)
un,ε
]
 0 in Ωη × (0, Tn,ε).
By Lemma 5 we now derive un,ε  un,ε = Ce−βtϕ1,η in Ωη × (0, Tn,ε). This last estimate combined with (10) leads
us to Tn,ε = ∞.
Let vn,ε = ∂tun,ε . By (9) we obtain
∂tvn,ε = aε
(
δ(x)
)
pu
p−1
n,ε vn,εun,ε + aε
(
δ(x)
)
u
p
n,εvn,ε − g′(un,ε)vn,ε
= aε
(
δ(x)
)
u
p
n,εvn,ε + vn,ε pvn,ε + pg(un,ε) − un,εg
′(un,ε)
un,ε
in Ω × (0,∞),
and vn,ε = 0 on Σ∞. Again by Lemma 5 and taking into account that D2vn,ε ∈ L∞(Ω × (0,∞)) we obtain ∂tun,ε =
vn,ε  0 in Ω × (0,∞). In particular this implies that un,ε  0 in Ω × (0,∞). This allows us to apply Lemma 5
once more in order to derive that (un,ε)n1 is nonincreasing in Ω × (0,∞).
For all (x, t) ∈ Ω × (0,∞), let un(x, t) = limε↘0 un,ε(x, t). By standard parabolic arguments un ∈ C2,1(Ω ×
(0,∞)) ∩ C(Ω × [0,∞)) and un satisfies{
∂tun = a
(
δ(x)
)
u
p
nun − g(un) in Ω × (0,∞),
un = un,0 on Σ∞. (11)
Since un,ε  un+1,ε on Σ∞ we may apply Lemma 5 in order to deduce that (un)n1 is decreasing. Let now
u(x, t) = limn→∞ un(x, t), for all (x, t) ∈ Ω × (0,∞). Then, by standard estimates we deduce from (11) that u is a
solution of (1). This completes the proof of the existence part.
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of problem (1). By Lemma 5 we deduce v  un in Ω × [0, T ], where un is the solution of (11). Passing to the limit
with n → ∞ we obtain
v  u in Ω × [0, T ]. (12)
Let K be a compact subset of Ω × (0, T ) and fix Ω0  Ω such that K  Ω0. Also denote by μ1, φ1 the first
eigenvalue resp., the first eigenfunction corresponding to the Laplace operator (−) in H 10 (Ω0). Subtracting the two
equations corresponding to u and v, we find
d
dt
[
v1−p(x, t) − u1−p(x, t)
(p − 1)a(δ(x))
]
= (u − v) − h(u) − h(v)
a(δ(x))
in Ω × (0, T ),
where h(s) = g(s)/sp , s > 0. Note that by (g1) it follows that h is nondecreasing so that from (12), we deduce
d
dt
[
v1−p(x, t) − u1−p(x, t)
(p − 1)a(δ(x))
]
(u − v) in Ω × (0, T ).
We now integrate over [η, t], 0 < η < t < T in the above equality and then we let η → 0. We find
v1−p(x, t) − u1−p(x, t)
(p − 1)a(δ(x)) =
t∫
0
(u − v)ds in Ω × (0, T ).
Next we multiply by φ1 and integrate over Ω0. We obtain
∫
Ω0
v1−p(x, t) − u1−p(x, t)
(p − 1)a(δ(x)) φ1 dx =
t∫
0
∫
Ω0
φ1(u − v)dx ds. (13)
Setting
y(t) :=
∫
Ω0
v1−p(x, t) − u1−p(x, t)
a(δ(x))
φ1 dx, 0 < t < T, (14)
by Green’s identity and (12) we further obtain
y(t) Cμ1
t∫
0
∫
Ω0
(v − u)φ1 dx ds + C
t∫
0
∫
∂Ω0
(v − u)∂φ1
∂ν
dσ(x) ds
 C
t∫
0
∫
∂Ω0
(v − u)∂φ1
∂ν
dσ(x) ds  cT max
∂Ω0
w, (15)
where w = u − v.
Thus∫
K
(
v1−p(x, t) − u1−p(x, t))φ1 dx  y(t) C max
∂Ω0
w(x).
Since the right-hand side tends to zero as Ω0 → Ω , it follows that u = v in K . Hence, u ≡ v and the problem (1) has
a unique solution.
If p = 1 we proceed in the same manner. We replace the definition of y(t) in (14) by
y(t) :=
∫
Ω0
lnu(x, t) − lnv(x, t)
a(δ(x))
φ1 dx, 0 < t < T,
and then use (12) to derive the uniqueness of the global solution.
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vε(x, t) = (Cε + pt)−1/p
(
W(x) + ε), (x, t) ∈ Ω × (0,∞),
where W is the unique solution of (5) and Cε > 0 is small enough such that
ε  C1/pε ‖u0‖L∞(Ω). (16)
Then vε  u on Σ∞ and
∂tvε − a
(
δ(x)
)
vεvε + g(vε) ∂tvε − a
(
δ(x)
)
vεvε + vp+1ε
= (Cε + pt)−
1+p
p
[−(W + ε) − a(δ(x))(W + ε)pW + (W + ε)p+1]
= (Cε + pt)−
1+p
p
[−(W + ε) + (W + ε)p(W 1−p − W )+ (W + ε)p+1]
 (Cε + pt)−
1+p
p
[
−(W + ε) + (W + ε)
(
W + ε
W
)p−1]
 0 in Ω × (0,∞).
By Lemma 5 we obtain u vε in Ω × (0,∞). This yields
(1 + pt)1/pu(x, t) − W 
(
Cε + pt
1 + pt
)1/p
(W + ε) − W =
[
1 + O
(
1
t
)]
(W + ε) − W as t → ∞
= O
(
1
t
)
(W + ε) + ε as t → ∞.
Hence, we can find t1 = t1(ε) > 0 such that
sup
x∈Ω
[
(1 + pt)1/pu(x, t) − W ] 2ε for all t  t1. (17)
On the other hand, by Proposition 4 there exists η > 0 such that
‖W − Wη‖L∞(Ωη) < ε and ‖W‖L∞(Ω\Ωη) < ε, (18)
where Wη is the unique solution of (6).
Define
wη(x, t) = (Cη + pt)−1/pWη(x), (x, t) ∈ Ω × (0,∞),
where Cη > 0 is such that
wη(x,0) = C−1/pη Wη(x) < u0(x) in Ωη. (19)
Furthermore, taking into account the hypothesis (g1) and (2) we may choose Cη > 0 such that
g(wη) < ( + η)wp+1η in Ωη. (20)
Then wη  u on (∂Ωη × (0,∞)) ∪ (Ωη × {0}) and
∂twη − a
(
δ(x)
)
wηwη + g(wη) ∂twη − a
(
δ(x)
)
wηwη + ( + η)vp+1ε
(
by (20))
= (Cη + pt)−
1+p
p
[−Wη − a(δ(x))Wpη Wη + ( + η)Wp+1η ]
= (Cη + pt)−
1+p
p Wpη
[−W 1−pη − a(δ(x))Wη + ( + η)Wη]
= 0 in Ωη × (0,∞).
Again by Lemma 5 we derive that wη  u in Ωη × (0,∞) which yields
Wη − (1 + pt)1/pu(x, t)
[(
Cη + pt )1/p − 1](1 + pt)1/pu(x, t).
1 + pt
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converges to zero as t → ∞. Hence, we may choose t2 = t2(ε, η) > 0 such that
sup
x∈Ωη
[
Wη(x) − (1 + pt)1/pu(x, t)
]
 ε for all t  t2. (21)
By (18) and (21) we obtain
sup
x∈Ωη
[
W(x) − (1 + pt)1/pu(x, t)] ‖W − Wη‖L∞(Ωδ) + sup
x∈Ωη
[
Wη(x) − (1 + pt)1/pu(x, t)
]
 2ε for all t  t2.
Also by (18) we have
sup
x∈Ω\Ωη
[
W(x) − (1 + pt)1/pu(x, t)] ‖W‖L∞(Ω\Ωη) < ε for all t  0.
Hence
sup
x∈Ω
[
W(x) − (1 + pt)1/pu(x, t)] 2ε for all t  t2. (22)
Combining now (17) and (22) we obtain the conclusion. This completes the proof.
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